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Abstract 
This work offers the solution at the control feed-back level of the accurate positioning in a finite time of the end-effector whose 
mobile manipulator is subject to control and complex state constraints (both holonomic singularity and collision avoidance). 
Based on the Lyapunov stability theory, a suitably defined extended task error and exterior penalty function approach, a class 
of simple non-linear controllers converging in a finite time, which fulfil control and state constraints, is proposed. The numerical 
simulation results carried out for a mobile manipulator consisting of a nonholonomic differentially steered wheeled mobile 
platform and a holonomic manipulator of two revolute kinematic pairs, operating both in a two-dimensional unconstrained work 
space and work space including the obstacles, illustrate performance of the proposed controllers. 
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1. Introduction 
Mobile manipulators have been recently applied to accurate end-effector positioning tasks (e.g. precise parts 
assembly in a work space including many (unknown) obstacles). The aim of the positioning task is to find a control 
which moves the mobile manipulator from its initial configuration and velocity expressed in generalized coordinates 
(relative rotations and/or translations of the kinematic pairs) to a desired end-effector location expressed in the task 
(work) space coordinates. As is well known, relationship between generalized coordinates and the task ones (mobile 
manipulator kinematic equations) is strongly non-linear. The platform of the mobile manipulator, which is far from 
the desired end-effector location, has to shift to a preferable (not specified) posture, at which the end-effector attains 
desired location. As is known, no smooth time invariant state feed-back controllers exist for the platform 
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accomplishing a point-to-point task [1], [2]. However, by combining the mobility of the non-holonomic platform 
with the manipulability of the holonomic manipulator, performance characteristics of such a kinematically redundant 
mechanism (mobile manipulator) are improved which enable it to accomplish complicated tasks, e.g. accurate end-
effector positioning in work spaces including many known and/or unknown obstacles. In order to eliminate undesirable 
vibrations of the end-effector at the desired location caused by the kinematic redundancy of the mobile manipulator, 
its velocity and in particular the platform velocity, has to be reduced to zero. Moreover, to enable the end-effector 
to accomplish precisely fine motions from the desired location, subject in particular, to the immobile platform, 
the holonomic manipulability measure, introduced by Yoshikawa [3], should be large at this location. Due to imposed 
aforementioned technological constraints, the mobile manipulator is required to accurately move in a finite time 
from the initial configuration and velocity to the desired end-effector location. The mobile manipulator velocity 
should be reduced at the desired location to zero also in a finite time. Even a small end-effector displacement from 
the desired location, caused e.g. by interruption (after a finite time) of only asymptotically convergent positioning 
regulator, may then prevent the end-effector from precise accomplishment of the fine motions. Furthermore, when 
moving in the work space with obstacles, the mobile manipulator and the end-effector should avoid collisions. 
Several approaches to controlling the mobile manipulators subject to both kinematic and dynamic equations were 
proposed in the literature. Nevertheless, all of them provide at most asymptotically stable solutions. The first 
approach utilises pseudo-inverse techniques to resolve mobile manipulator redundancy [13]-[22], [41]. The main 
disadvantage related with most of known pseudo-inverse techniques applied to fulfil state inequality constraints 
(collision avoidance of both mobile manipulator and end-effector with obstacles), is lack of obstacle influence 
on the end-effector movement. The second approach, developed in works [23]-[27], involves input-output decoupling 
controllers and both kinematic and dynamic equations. The algorithms from [23]-[27] require additional output 
functions, inverse of the so-called extended Jacobian matrix and they are not suitable to collision avoidance 
problems. From the literature survey, it follows that all the aforementioned control algorithms are not able to shift 
the mobile manipulator in a finite-time in such a way as to fulfil control and state equality (both zero position error 
and zero final mobile manipulator velocity) and inequality (both collision avoidance of the whole mobile 
manipulator with obstacles and holonomic singularity avoidance at the desired end-effector location) constraints 
subject to kinematic and dynamic equations. 
The present work addresses the problem of finite-time controlling the mobile manipulators subject to control and state 
variable constraints.  Several approaches which partilly relate to a class of finite-time control tasks may be distinguished 
[4]-[6], [8]-[12]. However, all those approaches deal only with stationary robotic manipulators, neglect their 
kinematic equations and can not be applied to tasks with control and/or state inequality constraints. We first propose 
new forms of various terminal sliding modes (TSM's) which result from the access to kinematic redundancy of the 
non-holonomic mechanical system and are defined by useful tasks to be accomplished. Then, all the TSM's 
are simultaneously applied in both the reaching phase and the sliding phase, resulting in a new continuous TSM 
control for mobile manipulators with finite-time stability provided that some practically reasonable assumptions 
are fulfilled. Our constrained controller may be directly used in a real-time to accomplish complicated mobile 
manipulator tasks provided that parameters of dynamic equations are known with sufficient accuracy. Kinematic and 
dynamic parameters of the mobile manipulator can be obtained with sufficient accuracy by means of the calibration 
and identification techniques given e.g. in [28], [29]. If those parameters are not accurately known, then proposed 
non-trivial control law generates admissible reference trajectories (both non-holonomic reference platform and reference 
holonomic manipulator trajectories) in an on-line mode which are required as inputs to adaptive feed-back 
controllers (offered e.g. in work [30]) tackling uncertain dynamics of the non-holonomic mechanical system. 
Consequently, our work is not focused on constructing adaptive control techniques which are known from the literature. 
Instead, non-trivial control strategies providing admissible reference trajectories (which are time consuming and hard 
to numerically determine in classic approaches) as being the inputs to adaptive feed-back controllers are, in fact, subject 
of our interest. The remainder of the paper is organised as follows. Section 2 formulates the finite-time end-effector 
positioning task subject to collision avoidance with obstacles, holonomic singularity avoidance and limits on torques/forces, 
as a constrained control problem. Section 3 sets up a class of controllers solving the positioning task in a finite time, 
subject to control and state dependent constraints. Section 4 presents computer examples of the task accomplishment 
for a mobile manipulator consisting of a non-holonomic platform and a holonomic manipulator of two revolute 
113 Mirosław Galicki /  Procedia Engineering  96 ( 2014 )  111 – 125 
kinematic pairs, operating in both an unconstrained two-dimensional work space and a work space with obstacles. 
Finally, some concluding remarks are drawn in Section 5. 
2. Problem formulation 
Consider a mobile manipulator composed of a nonholonomic platform. It is described by the vector of generalized 
coordinates ݔ א Թ௟ , (platform posture ݔଵǡ௖ , ݔଶǡ௖ , ߠ and angles of driving wheels ߶ଵ, ߶ଶ-see Fig. 1., where ߠ 
is the orientation angle of the platform with respect to a global coordinate system ܱݔଵݔଶ; ݔଵǡ௖, ݔଶǡ௖ stand for coordinates 
of the platform centre; ܹ denotes one half of the distance between platform wheels; ʹܮ is the platform length; ܴ 
stands for the wheel radius; ሺܽǡ ܾሻ denotes the point at which the holonomic manipulator base is fasten to the platform), 
where ݈ ൒ ͳ and joint coordinates ݕ א Թ௡ of a holonomic manipulator mounted on the platform, where ݊ is the number 
of its kinematic pairs. The platform motion is usually subject to 1൑ ݇ ൏ ݈ nonholonomic constraints in the so-called 
Pfaffian form ܣሺݔሻݔሶ ൌ0, where ܣሺݔሻ  stands for the ݇ ൈ ݈  matrix of the full rank (that is, ݎܽ݊݇൫ܣሺݔሻ൯ ൌ ݇ ) 
depending on ݔ analytically. Suppose that ܭ݁ݎ൫ܣሺݔሻ൯ is spanned by vector fields ܽଵሺݔሻǡ ǥ ǡ ܽ௟ି௞ሺݔሻ. Then, the Pfaffian 
constraint can be equivalently expressed by an analytic drift-less dynamic system  
ݔሶ ൌ ܰሺݔሻࣛ,       (1) 
where ܰሺݔሻ ൌ ሾܽଵሺݔሻǡ ǥ ǡ ܽ௟ି௞ሺݔሻሿ ; ݎܽ݊݇൫ܰሺݔሻ൯ ൌ ݈ െ ݇ and vector ࣛ ൌ ሺߙଵǡ ǥ ǡ ߙ௟ି௞ሻ் denotes auxiliary 
velocities of the platform (introduced in [32]). The dynamics of a mobile manipulator is given by the following 
equation [31]:  
ܯԢሺݍሻݍሷ ൅ ܨԢሺݍǡ ݍሶ ሻ ൅ ሾܣሺݔሻȪ௞ൈ௡ሿ்ߣ ൌ ܤԢݒ,     (2) 
where ݍ ൌ ሺݔ்ݕ்ሻ்  is the vector of generalized coordinates and represents the configuration of the mobile 
manipulator; ሺݍ்ǡ ݍሶ ்ሻ் denotes the state vector of the mobile manipulator; ܯԢሺݍሻ stands for the ሺ݊ ൅ ݈ሻ ൈ ሺ݊ ൅ ݈ሻ 
inertia matrix; ܨԢሺݍǡ ݍሶ ሻ ൌ ܥԢሺݍǡ ݍሶ ሻݍሶ ൅ ܦԢሺݍሻ; ܥԢሺݍǡ ݍሶ ሻݍሶ  is the ሺ݊ ൅ ݈ሻ -dimensional vector representing centrifugal 
and Coriolis forces; ݍሶ  denotes the mobile manipulator velocity; ܦԢሺݍሻ stands for the ሺ݊ ൅ ݈ሻ -dimensional vector 
of generalized gravity forces; Ȫ௞ൈ௡  denotes the ݇ ൈ ݊  zero matrix; ߣ  is the vector of Lagrange multipliers 
corresponding to non-holonomic Pfaffian constraints; ܤԢ stands for the ሺ݊ ൅ ݈ሻ ൈ ሺ݊ ൈ ݈ െ ݇ሻ matrix describing which 
state variables of the platform and holonomic manipulator are directly driven by the actuators and Թ௡ା௟ି௞ ד ݒ 
is the vector of controls (torques/forces). Applying the transformation 
ݒ ൌ ܤିଵሺܯݑ ൅ ܨሻ,       (3) 
where ݑ  is a new control vector, ܯ ൌܥ்ܯԢܥ ; ܥ ൌ  ൤ܰሺݔሻ ͲͲ ܫ௡൨; ܨ ൌ ܥ
்൫ܯԢܥሶݏ ൅ ܨԢ൯ ; ݏ ൌ ൬ࣛݕሶ ൰  is the reduced 
velocity vector of the mobile manipulator; ܫ௡  stands for the ݊ ൈ ݊  identity matrix and ܤ ൌ ܥ்ܤԢ , we obtain 
a simplified form of the mobile manipulator dynamic equations (a dynamic system with drift) expressed in all 
the configuration and reduced velocity variables [20]-[22]  
ݍሷ ൌ ܥݑ ൅ ܥሶݏ.         (4) 
Due to physical actuator limits, control vector ݒ ൌ ሺݒଵǡ ǥ ǡ ݒ௡ା௟ି௞ሻ் is subject to the following constraints: 
ݒ௠௜௡ǡ௜ ൑ ݒ௜ ൑ ݒ௠௔௫ǡ௜, ݅ ൌ ͳǡǥ ǡ ݈ ൅ ݊ െ ݇,     (5) 
where ݒ௠௜௡ǡ௜, ݒ௠௔௫ǡ௜ denote the lower and upper limits, respectively on control ݒ௜. 
The position and orientation ݌ of the end-effector with respect to an absolute coordinate system is described by a mobile 
manipulator kinematic equations  
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݌ ൌ ݂ሺݍሻ,        (6) 
where ݌ ൌ ሺ݌ଵǡ ǥ ǡ ݌௠ሻ்;  ݂ሺݍሻ ൌ ൫ ଵ݂ሺݍሻǡ ǥ ǡ ௠݂ሺݍሻ൯்  denotes the ݉-dimensional (in general, nonlinear with respect 
to ݔ and ݕ) mapping and ݉ stands for the dimension of the task space.  
A task accomplished by a mobile manipulator consists in shifting the end-effector to a desired position and orientation 
݌ௗ א Թ௠  in a finite time ܶ, which may be given either explicitly or implicitly depending on a task specificity. 
Furthermore, the end-effector velocity should equal zero at ݌ௗ ൌ ൫݌ଵǡௗǡ ǥ ǡ ݌௠ǡௗ൯் . Moreover, a stable accomplishment 
of the fine motions (precise assembly of parts, e.g., insertion of the shaft into the hole of the bearing) requires 
damping the end-effector vibrations which could potentially arize from the non-zero mobile manipulator velocity. 
Hence, it is natural to reduce this velocity to zero at the desired location ݌ௗ. By introducing the task error ݁ defined 
as ݁ ൌ ሺ݁ଵǡ ǥ ǡ ݁௠ሻ் ൌ ݌ െ ݌ௗ ൌ ݂ሺݍሻ െ ݌ௗ, we may formally express the regulation aim by means of the following 
equations (state equality constraints): 
 ௧՜் ݁ሺݐሻ ൌ Ͳ, ௧՜் ሶ݁ሺݐሻ ൌ Ͳ, ௧՜் ݏሺݐሻ ൌ Ͳ,     (7) 
where Ͳ ൏ ܶ ൏ λ denotes a finite performance time of the mobile manipulator task. It is also practically important 
to attain ݌ௗ  with a desirably large manipulability measure (defined as a valuation of difficulty of the holonomic 
manipulator operation, proposed by Yoshikawa [3]. If a manipulability value were small, then a reconfiguration 
of the whole mobile manipulator at location ݌ௗ would be necessary to efficiently accomplish the fine motions. Thus, 
the following (state inequality) constraint is imposed on the final (unknown) configuration of the holonomic part: 
ܦ൫ݍሺܶሻ൯ ൒ ߩԢ,        (8) 
where ܦሺήሻ is the manipulability measure of the holonomic manipulator; ߩԢ denotes a positive scalar coefficient (user 
specified). During the mobile manipulator movement, collision-avoidance (state inequality) constraints resulting 
from the existence of obstacles in the work space, are induced. The general form of these constraints can be written 
in the following manner: 
൛ܿ௠௝ ൫ݍሺݐሻ൯ ൐ Ͳൟ, ൛ܿ௘௝൫݌ሺݐሻ൯ ൐ Ͳൟ, ݆ ൌ ͳ ׷  ଴ܰ, ݐ א ሾͲǡ ܶሿ,    (9) 
where ܿ௠௝  denotes either a distance function [33] between mobile manipulator (without the end-effector) and an obstacle 
or an analytic description of an obstacle [34]; ܿ௘௝ is a distance function between the end-effector and an obstacle 
or analytic description of the obstacle; ଴ܰ stands for the total number of collision-avoidance constraints and ݌ ൌ ݂ሺݍሻ 
denotes current end-effector location in the task space. For purpose of further analysis, we explicitly separate end-
effector collision avoidance constraints from the rest. We postulate further on that ݍሺͲሻ together with its small 
neighbourhood does not cause a collision, i.e., ܿ௠௝ ൫ݍሺͲሻ൯ ൐ Ͳ, ܿ௘௝ ቀ݌଴ ൌ ݂൫ݍሺͲሻ൯ቁ ൐ Ͳ. Moreover, functions ܿ௘௝, ܿ௠௝  
from (9) are assumed to belong to a class of smooth mappings with bounded derivatives with respect to any ݌ and ݍ. 
Thus, the mobile manipulator regulation aim may now be reformulated as follows: find a control ݑ which moves 
the mobile manipulator from initial configuration and velocity ݍሺͲሻ, ݏሶሺͲሻ (or equivalently ݍሶ ሺͲሻ such that equalities 
݁ ൌ Ͳ, ሶ݁ ൌ Ͳ and ݏ ൌ Ͳ are fulfilled in a finite time ܶ. Moreover, ݑ should steer the mobile manipulator in such 
a way as to fulfil control constraints (5) and avoid both holonomic singular configuration at ݐ ൌ ܶ and collisions 
with obstacles for ݐ א ሾͲǡ ܶሿ. 
3. Constrained control of mobile manipulator 
In order to involve state inequality constraints (8)-(9) in the mobile manipulator control, suitable exterior penalty 
functions are introduced. To be more precise, we introduce the following exterior penalty functions to satisfy both 
inequality (8) and collision avoidance constraints (9): 
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௦ܷሺݍሻ ൌ ܿԢܧ௦ሺݍሻ       (10) 
and 
௘ܷሺ݌ሻ ൌ σ ܿ௘ǡ௝ܧ௘൫ܿ௘௝൯ேᇱ௝ୀ଴ ,  ܷ௠ሺݍሻ ൌ ܿԢԢܧ௠ሺݍሻ,    (11) 
where ܧ௦ሺݍሻ ൌ ሺܦሺݍሻ െ ߩԢሻସ  for ܦሺݍሻ ൑ ߩԢ  and ܧ௦ሺݍሻ ൌ Ͳ  otherwise; ܧ௘൫ܿ௘௝൯ ൌ ൫ܿ௘௝ െ ߩ௝ᇱᇱ൯
ସ
 for ܿ௘௝ ൑ ߩ௝ᇱᇱ  and 
ܧ௘൫ܿ௘௝൯ ൌ Ͳ otherwise; ܧ௠ሺݍሻ ൌ σ ܿ௠ǡ௝ܧ௠൫ܿ௠௝ ൯ேᇱ௝ୀ଴ ; ܧ௠൫ܿ௠௝ ൯ ൌ ൫ܿ௠௝ െ ߩ௝ᇱᇱ൯
ସ
 for ܿ௠௝ ൑ ߩ௝ᇱᇱ  and ܧ௠൫ܿ௠௝ ൯ ൌ Ͳ , 
otherwise, ߩ௝ᇱᇱ stands for a given threshold value which activates the ݆-th inequality constraint after exceeding this value; 
ܰԢ ൑ ଴ܰ is the number of only active constraints (9) (i.e. such that ܿ௘௝ െ ߩ௝ᇱᇱ ൑ Ͳ or ܿ௠௝ െ ߩ௝ᇱᇱ ൑ Ͳ; ܿԢ, ܿ௘ǡ௝, ܿ௠ǡ௝ and ܿԢԢ 
denote positive, constant coefficients (strengths of penalty). Let us note that configuration set ൛݌ ൌ ݂ሺݍሻǣ Ͳ ൏ ܿ௘௝ ൑
ߩ௝ᇱᇱൟ ׫ ൛ݍǣ Ͳ ൏ ܿ௠௝ ൑ ߩ௝ᇱᇱൟ  determines an interacting or a safety zone around the ݆ -th active obstacle, ݆ ൌ ͳǣܰԢ . 
Without loss of generality, we further assume that ݏሺͲሻ ൌ Ͳ. Moreover, based on the assumption made in Section 2, 
we have ௘ܷሺ݌଴ሻ ൌ ܷ௠൫ݍሺͲሻ൯ ൌ Ͳ.  
Let us note that minimization of the following cost function (constructed from penalty functions ௦ܷ and ܷ௠): 
ܷ ൌ ௦ܷ ൅ ܷ௠       (12) 
leads to both collision-free movements of the mobile manipulator and its holonomic singularity-free final 
configuration, i.e., to fulfilment of state inequality constraints (8)-(9). Similarly, in order to avoid collisions 
of the end-effector with obstacles and to attain desired location ݌ௗ, the following modified criterion is introduced: 
௘ࣰ ൌ ଵଶ ԡ݁ԡଶ ൅ ௘ܷሺ݌ሻȁ௣ୀ௙ሺ௤ሻ.      (13) 
Solutions to the problem of the mobile manipulator (and end-effector) motion in the presence of obstacles can 
be generally divided into the two classes: global and local methods. Global methods are (by their nature) 
computationally expensive. Furthermore, they are, in fact, inapplicable when there are unmodeled or moving 
obstacles in the work space. Because of these limitations, global collision avoidance is implemented in an off-line 
mode. Since our aim is to avoid collisions of the mobile manipulator with obstacles (and not to globally plan 
collision-free trajectory) during its movement, we are interested in utilizing local methods, which are less 
computationally involved than global techniques. Moreover, local methods can be applied for real-time sensor based 
configuration modifications in a neighbourhood of an obstacle. These attributes make them implementable in an on-
line collision avoidance. In order to both escape from the obstacle interacting zones and to attain desired location ݌ௗ, 
a new extended task error ࣟ is introduced below 
ࣟ ൌ ሺࣟଵǡ ǥ ǡ ࣟ௠ሻ் ൌ డ ೐ࣰడ೛ .       (14) 
Let us observe that ࣟ ൌ Ͳ (minimum of function ௘ࣰ) implies equality 
݁ ൅ డ ೐ࣰడ೛ ൌ Ͳ.        (15) 
Assuming linear independence of vectors ݁ and డ ೐ࣰడ೛ , from (15) one obtains ݁ ൌ Ͳ and 
డ ೐ࣰ
డ೛ ൌ Ͳ, respectively for the end-
effector. By differentiating (14) with respect to time, we have 
ࣟሶ ൌ ܬࣟݍሶ ൌ ॵࣟݏ,        (16) 
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where ܬࣟ ൌ డࣟడ೜ is the ݉ ൈ ሺ݈ ൅ ݊ሻ extended Jacobian matrix; ॵࣟ ൌ ܬࣟܥ. Matrix ॵࣟ is further assumed to be of the full 
rank. To involve state constraints (8)-(9) into control law, generalized vector sliding variables ܼ and ܼଵ, respectively 
will be introduced as follows 
ܼ ൌ ሺܼଵǡ ǥ ǡ ܼ௠ሻ் ൌ ࣟሶ ൅ Ȧ଴ࣟ஑,      (17) 
where ߙ ൌ ௣భ௣మ; ݌ଵ, ݌ଶ are odd numbers; ݌ଵ ൏ ݌ଶ ൏ ʹ݌ଵ,  Ȧ଴ ൌ ݀݅ܽ݃൫Ȧ଴ǡଵǡ ǥ ǡ Ȧ଴ǡ௠൯; Ȧ଴ǡ௜ ൐ Ͳ denotes constant gain 
coefficient; ݅ ൌ ͳǡǥ ǡ݉, and 
ܼଵ ൌ ൫ܼଵǡଵǡ ǥ ǡ ܼଵǡ௟ି௞ା௡൯் ൌ Զࣟ ቀݏ ൅ ܥ் డ௎డ௤ቁ,    (18) 
where Զࣟ ൌ ॴ௟ି௞ା௡ െ ॵ͓ࣟॵࣟ. Based on (17), (18), we propose the following (simple) controller to tackle both state 
equality and inequality constraints (5), (7-9):  
ݑ௚௘௦ǡ௖ ൌ ॵ͓ࣟ൫െܬࣟܥሶݏ െ ܬሶࣟݍሶ െ Ȧ଴ߙࣟ஑ିଵࣟሶ െ Ȧଵܼఉ൯ ൅ Զࣟ ቆെȦଶܼଵఉ െ Զሶ ࣟ ቀݏ ൅ ܥ் డ௎డ௤ቁ െ
ௗ
ௗ௧ ቀܥ்
డ௎
డ௤ቁቇ,  (19) 
where ߚ  is defined similarly as ߙ ; ࣟ஑ିଵ ൌ ݀݅ܽ݃ሺࣟଵ஑ିଵǡ ǥ ǡ ࣟ௠஑ିଵሻ ; Ȧଵ ൌ ݀݅ܽ݃൫Ȧଵǡଵǡ ǥ ǡ Ȧଵǡ௠൯ ; Ȧଶ ൌ
݀݅ܽ݃൫Ȧଶǡଵǡ ǥ ǡ Ȧଶǡ௟ି௞ା௡൯; Ȧଵǡ௜ǡ Ȧଶǡ௜ ൐ Ͳ are constant gain coefficients. The closed-loop error dynamics is obtained by 
inserting the right-hand side of (19) into (4) 
ݍሷ ൌ ܥݑ௚௘௦ǡ௖ ൅ ܥሶݏ.        (20) 
We now give the following new result. 
Theorem 1. If ॵࣟ  is a full rank matrix in a (closed) region of the task space, vectors ݁  and డ௎೐డ௣  are linearly 
independent, ܥ் డ௎డ௤  is linearly independent on rows of ॵࣟ and Ȧ଴ǡ Ȧଵǡ Ȧଶ ൐ Ͳ then control law (19) guarantees stable 
convergence in a finite time of task errors ሺ݁ǡ ሶ݁ ǡ ݏሻ to the origin ሺ݁ǡ ሶ݁ ǡ ݏሻ ൌ ሺͲǡͲǡͲሻ. 
Proof: Consider a Lyapunov function candidate 
௚ܸ௘ ൌ ଵଶ ۃܼǡ ܼۄ ൅
ଵ
ଶ ۃܼଵǡ ܼଵۄ.      (21) 
Differentiating ௚ܸ௘  with respect to time results in the following expression: 
ሶܸ௚௘ ൌ ۃܼǡ ܬࣟݍሷ ൅ ܬሶࣟݍሶ ൅ Ȧ଴ߙࣟ஑ିଵࣟሶۄ ൅ ۃܼଵǡ Զሶ ࣟ ቀݏ ൅ ܥ் డ௎డ௤ቁۄ ൅ ۃܼଵǡ Զࣟ ቆݑ௚௘
௦ǡ௖ ൅ ௗௗ௧ ቀܥ்
డ௎
డ௤ቁቇۄ.  (22) 
Substituting ݑ௚௘௦ǡ௖, ݍሷ  for the right-hand sides of (19) and (20), respectively, results after simple algebra in the relation 
ሶܸ௚௘ ൌ െσ Ȧଵǡ௜௠௜ୀଵ ܼଵఉାଵ െ െσ Ȧଶǡ௝௟ି௞ା௡௝ୀଵ ൫ܼଵǡ௝൯
ఉାଵ ൑ Ͳ.   (23) 
Based on (22), (23), we can see that ܼǡ ܼଵ evolve according to the following equations: 
ሶܼ ൌ െȦଵܼఉ, ሶܼଵ ൌ െȦଶܼଵఉ.     (24) 
Eression (23) may be further transformed into the form 
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g g ( )
ሶܸ௚௘ ൑ െ௜ǡ௝ ൛Ȧଵǡ௜ǡ Ȧଶǡ௝ൟ ൭ብܼ
ഁశభ
మ ብ
ଶ
൅ ብܼଵ
ഁశభ
మ ብ
ଶ
൱.     
Applying inequality from [12] to component ብܼ
ഁశభ
మ ብ
ଶ
൅ ብܼଵ
ഁశభ
మ ብ
ଶ
, we obtain 
ሶܸ௚௘ ൑ െ௜ǡ௝ ൛Ȧଵǡ௜ǡ Ȧଶǡ௝ൟʹ
ഁశభ
మ ൫ ௚ܸ௘൯
ഁశభ
మ .     (25) 
Inequality (25) leads to the following two TSM's: ܼ ൌ Ͳ and ܼଵ ൌ Ͳ for ݐ ൒ ଶܶᇱ, 
where ଶܶᇱ ൑ ଶ௏೒೐ሺ଴ሻ
భషഁ
మ
୫୧୬೔ǡೕ ൛ஃభǡ೔ǡஃమǡೕൟሺଵିఉሻଶ
భశഁ
మ
. Based on (21) and (25), we have for ݐ ൒ ଶܶᇱ. 
ࣟሶ ൅ Ȧ଴ࣟ஑ ൌ Ͳ       (26) 
Differential equation (26) implies stable convergence of ࣟ and ࣟሶ to Ͳ in a finite time ݐ ൒ ଵܶᇱ, where 
ଵܶᇱ ൑
ଶ൬൫ࣟሺబሻǡࣟሺబሻ൯మ ൰
భషಉ
మ
୫୧୬೔ ൛ஃబǡ೔ൟሺଵି஑ሻଶ
భశಉ
మ
. Hence,  
ࣟ ൌ Ͳ, ࣟሶ ൌ ॵࣟݏ ൌ Ͳ      (27) 
for ݐ ൒ ଵܶᇱ ൅ ଶܶᇱ. Due to linear independence of vectors ݁ and డ௎೐డ௣ , we conclude that  
݁ ൌ Ͳ,  ሶ݁ ൌ Ͳ,  డ௎೐డ௣ ൌ Ͳ      (28) 
for ݐ ൒ ଵܶᇱ ൅ ଶܶᇱ. It is also worth to note that the end-effector collision-freely (minimisation of  ௘ࣰ) attains desired 
location ݌ௗ. Moreover, from (21) and (25), it follows that  
Զࣟ ቀݏ ൅ ܥ் డ௎డ௤ቁ ൌ Ͳ       (29) 
for ݐ ൒ ଶܶᇱ. Hence, taking into account lower equation of (27) and (29), we have  
ॵࣟ ቆݏ ൅ Զࣟ ቀܥ் డ௎డ௤ቁቇ ൌ Ͳ,  Զࣟ ቆݏ ൅ Զࣟ ቀܥ்
డ௎
డ௤ቁቇ ൌ Ͳ   (30) 
for ݐ ൒ ଵܶᇱ ൅ ଶܶᇱ. Since ሾॵ்ࣟ Զ்ࣟሿ் is (by assumption) full rank matrix, we obtain 
ݏ ൌ െԶࣟ ቀܥ் డ௎డ௤ቁ.       (31) 
Relation (31) shows that mobile manipulator moves in the null space of ॵࣟ for ݁ ൌ Ͳ. Differentiating ܷ with respect 
to time, one obtains  
ሶܷ ൌ ۃܥ் డ௎డ௤ ǡ ݏۄ.       (32) 
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On account of (31), we have  
ሶܷ ൌ െ ۃԶࣟ ቀܥ் డ௎డ௤ቁ ǡ Զࣟ ቀܥ்
డ௎
డ௤ቁۄ ൑ Ͳ     (33) 
which means both holonomic singularity and collision avoidance of the mobile manipulator with obstacles at desired 
end-effector location ݌ௗ. By assumption, ܥ் డ௎డ௤ is linearly independent on rows of ॵࣟ, i.e., Զࣟ ቀܥ்
డ௎
డ௤ቁ ് Ͳfor ܥ்
డ௎
డ௤ ് Ͳ. 
Hence, based on (33), we obtain equality ሶܷ ൌ Ͳ provided that  
ܥ் డ௎డ௤ ൌ Ͳ.       (34) 
From (31)-(34), we finally conclude that ݏ ൌ Ͳ. It is worth to stress out that the time needed to fulfil equality (34) 
strongly depends on the geometry of obstacles. Since we are interested only in local collision avoidance with simple 
obstacles (and not to globally plan a collision-free trajectory in a cluttered environment), this time is also 
assumed to be finite. Consequently, control law (19) implies stable convergence in a finite time of task errors 
ሺ݁ǡ ሶ݁ ǡ ݏሻ to the origin ሺ݁ǡ ሶ݁ ǡ ݏሻ ൌ ሺͲǡͲǡͲሻ. In addition, assuming that డ௎డ௤ ב ݇݁ݎሺܥ்ሻ, from (34), it follows that 
డ௎
డ௤ ൌ Ͳ,        (35) 
i.e., mobile manipulator fulfils state inequality constraints at ݌ௗ.  
We know from the proof of Theorem 1, that the end-effector collision-freely (minimisation of ௘ࣰ) attains desired 
location ݌ௗ. Furthermore, the final mobile manipulator configuration both does not collide with obstacles and is holonomic 
singularity-free (see eqn (35)). Nevertheless, it remains to be shown that controller (19) generates collision-free 
trajectory of the whole mobile manipulator (and not only of the end-effector) in the whole time horizon of movement, 
i.e. also for ݁ ് Ͳ. For this purpose, we first prove boundedness of ԡԪԡ. By introducing, an auxiliary Lyapunov function 
candidate ஺ܸ ൌ ଵଶ ԡԪԡଶ, we easily deduce that ԡԪሺݐሻԡ ൑ ԡԪሺͲሻԡ, ݐ ൒ Ͳ. Moreover, from (21) and (23), one obtains  
ฮࣟሶ ൅ Ȧ଴ࣟ஑ฮଶ ൑ ʹ ௚ܸ௘ሺͲሻ.       (36) 
Inequality (36) implies boundedness of ࣟሶ. By assumption (see Section II), 
ܼଵሺͲሻ ൌ Զࣟ ቆݏሺͲሻ ൅ ܥ் డ௎డ௤ቚ௤ୀ௤ሺ଴ሻቇ ൌ Ͳ.     (37)  
From (24), it follows that  
ܼଵሺݐሻ ൌ Զࣟ ቆݏሺݐሻ ൅ ܥ் డ௎డ௤ቚ௤ୀ௤ሺ௧ሻቇ ൌ Ͳ     (38) 
for ݐ ൒ Ͳ, i.e., controller (19) maintains the second TSM ܼଵ ൌ Ͳ all the time. Inserting the right-hand side of identity 
ݏ ൌ Զࣟݏ ൅ ॵ͓ࣟॵࣟݏ ൌ Զࣟݏ ൅ ॵ͓ࣟࣟሶ into (32), we obtain 
ሶܷ ൌ ۃܥ் డ௎డ௤ ǡ Զࣟݏۄ ൅ ۃܥ்
డ௎
డ௤ ǡ ॵ͓ࣟࣟሶۄ.      (39) 
From (10)-(12), (38) and (39), it follows that 
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ሶܷ ൌ െብԶࣟ ቆܥ் ቀܿᇱ డா
ೞ
డ௤ ൅ ܿᇱᇱ
డா೘
డ௤ ቁቇብ
ଶ
൅ ۃܥ் ቀܿᇱ డாೞడ௤ ൅ ܿᇱᇱ
డா೘
డ௤ ቁ ǡ ॵ͓ࣟࣟሶۄ.    (40) 
Let, e.g., ܿᇱ be equal to ܿᇱ ൌ ܿᇱᇱܿᇱᇱᇱ, where ܿᇱᇱᇱ ൐ Ͳ. Hence, (40) may be rewritten as follows 
ሶܷ ൌ െሺܿᇱᇱሻଶ ብԶࣟ ቆܥ் ቀܿᇱᇱᇱ డா
ೞ
డ௤ ൅
డா೘
డ௤ ቁቇብ
ଶ
൅ ܿᇱᇱ ۃܥ் ቀܿᇱᇱᇱ డாೞడ௤ ൅
డா೘
డ௤ ቁ ǡ ॵ͓ࣟࣟሶۄ.   (41) 
On account of the fact that ܥ் డ௎డ௤  and ॵ͓ࣟࣟሶ  are bounded (ॵࣟ  is non-singular and ࣟሶ  is bounded), it is always 
possible to choose sufficiently large coefficient ܿᇱᇱ from (41) (ܥ் డ௎డ௤ is (by assumption) linearly independent on rows 
of ॵࣟ, i.e., Զࣟ ቀܥ் డ௎డ௤ቁ ് Ͳ for ܥ்
డ௎
డ௤ ് Ͳ) such that ሶܷ  is non-positive, i.e., 
ሶܷ ൑ Ͳ        (42) 
which means both holonomic singularity and collision avoidance of the whole mobile manipulator with obstacles 
when moving in the work space. Moreover we can show boundedness of mobile manipulator velocity ݏ. This remark 
follows from the definition of ௚ܸ௘  and the facts that ԡܼԡ, ԡܼଵԡ are bounded monotonically decreasing functions 
of time. In such a case, we can easily derive the following inequality: 
ԡॵࣟݏԡଶ ൅ ԡԶࣟݏԡଶ ൑ ʹ ௚ܸ௘ሺͲሻ ൅ ԡȦ଴ࣟ஑ԡ ൅ ቛԶࣟ ቀܥ் డ௎డ௤ቁቛ
ଶ ൅ ʹԡܼଵԡቛԶࣟ ቀܥ் డ௎డ௤ቁቛ ൅ ʹԡܼԡԡȦ଴ࣟ஑ԡ. (43) 
Since matrix ሾॵ்ࣟ Զ்ࣟሿ has (by assumption) full rank, from (43) we can easily obtain un upper estimation on ԡݏԡ. 
Furthermore, it is not difficult to show that there exist suitable gain coefficients Ȧ଴,Ȧଵ , Ȧଶ , ܿԢ and ܿԢԢ for which 
vector ݒ ൌ ܤିଵ൫ܯݑ௚௘௦ǡ௖ ൅ ܥ்ܯԢܥሶݏ ൅ ܥ்ܥԢܥݏ ൅ ܥ்ܦԢ൯ fulfils control limits (5). As we know from formula (19) 
and Theorem 1., the convergence of task errors ሺ݁ǡ ሶ݁ ǡ ݏሻ to zero may be ensured provided that vectors ݁ ് Ͳ and డ௎೎డ௤  
are linearly independent, ܥ் డ௎డ௤  is linearly independent on rows of ॵࣟ. If this is not the case, the mobile manipulator 
stops before the desired location ݌ௗ is attained and thus global methods must be utilized to escape from a local 
minimum (at which ݏሶ ൌ ݏ ൌ Ͳ) and to attain ݌ௗ (see, for example, work [40] for a real-time version of ܣכ 
used to a redundant manipulator). Let us also note, that it is difficult to obtain a result for global stability in the presence 
of obstacles. Involving a Filipov solution [37], [38], [39] results in discontinuous right hand side of motion 
equations, i.e. discontinuity of manipulator velocity, which induces the undesirable effect of chattering. Furthermore, 
the difficulty of obtaining solutions in the case of [38], [39] is related with necessity of transforming the original 
control problem into free configuration space with assigned potential value of navigation function at each point of this space. 
On the other hand, the main advantage of the (local) solution proposed here is the continuity of manipulator 
control. It is also worth emphasising that the knowledge of obstacles shapes is not required by generating the mobile 
manipulator control. Therefore, the control scheme (19) may be applicable to unknown environments.  
4. Computer example 
Based on a selected mobile manipulator task, this section demonstrates the performance of controller given 
by equation (19). For this purpose, a mobile manipulator, schematically shown in Fig. 1, is considered. In all 
numerical simulations, the SI units are used. The holonomic part (a SCARA type stationary manipulator) with two 
revolute kinematic pairs ݊ ൌ ʹ operating for simplicity of computations in two-dimensional task space ݉ ൌ ʹ, 
is mounted on the platform which is assumed to be physically driven by two wheels of angular velocities ൫߶ଵሶ ߶ଶሶ ൯். 
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The kinematic equations of the mobile manipulator equal 
݂ሺݍሻ ൌ ቆ ܿఏሺܽ ൅ ݈ଵܿଵ ൅ ݈ଶܿଵଶሻ െ ݏఏሺܾ ൅ ݈ଵݏଵ ൅ ݈ଶݏଵଶሻ ൅ ݔଵǡ௖ݏఏሺܽ ൅ ݈ଵܿଵ ൅ ݈ଶܿݕଵଶሻ ൅ ܿఏሺܾ ൅ ݈ଵݏଵ ൅ ݈ଶݏଵଶሻ ൅ ݔଶǡ௖ቇ,    
where ܿఏ ൌ  ߠ ; ݏఏ ൌ  ߠ ; ܿଵ ൌ  ݕଵ ; ݏଵ ൌ  ݕଵ ; ܿଵଶ ൌ ሺݕଵ ൅ ݕଶሻ ; ݏଵଶ ൌ ሺݕଵ ൅ ݕଶሻ ; ݈ଵ ൌ ݈ଶ ൌ ͲǤͶ 
stand for the link lengths of its holonomic part; ܽ ൌ ͲǤͺͷ, ܾ ൌ ͲǤʹ; ݕଵ, ݕଶ denote joint coordinates of the holonomic 
manipulator. Hence, vector of generalized coordinates ݍ takes the form ݍ ൌ ൫ݔଵǡ௖ݔଶǡ௖߶ଵ߶ଶݕଵݕଶ൯். Matrix ܥ is equal to 
ܥ ൌ ൤ܰሺݔሻ ͲͲ ॴଶ൨,        
ݏ ൌ ሺߙଵߙଶݕሶଵݕሶଶሻ் and ݑ ൌ ሺݑଵݑଶݑଷݑସሻ். Parameters ܴ and ܹ are equal to ܴ ൌ ͲǤʹ, ܹ ൌ ͲǤʹ. The performance 
time ܶ is not specified in all the simulations. The components of the dynamic equations of the mobile manipulator 
take the following values: platform mass ݉௣ ൌ ͻͶ; wheel mass ݉௪ ൌ ͷ; platform moment of inertia ܫ௣ ൌ ͸Ǥ͸Ͳͻ; 
the masses of the links of the holonomic manipulator equal ݉ଵ ൌ ݉ଶ ൌ Ͷ, respectively and ܦԢሺݍሻ ൌ Ͳ. The lower 
ݒ௠௜௡ and upper ݒ௠௔௫ control limits are chosen as follows ݒ௠௜௡ ൌ ሺെͶͷ െ Ͷͷ െ ʹ െ ʹሻ்  and ݒ௠௜௡ ൌ ሺͶͷͶͷʹʹሻ், 
respectively. Controller gains, where ݅ ൌ Ͳǡ ͳǡ ʹ take thefollowing scalar values Ȧ଴ ൌ ͲǤʹ, Ȧଵ ൌ ʹ, Ȧଶ ൌ ͵, ߙ ൌ ͵ ോ ͷ 
and ߚ ൌ ͷ ോ ͹. The task of the mobile manipulator is to make the end-effector attain the desired location ݌ௗ . 
On account of the fact that ݈ ൅ ݊ െ ሺ݇ െ݉ሻ ൌ ʹ, the mobile manipulator becomes redundant. Let us introduce 
the following task errors: 
ቀ݁ଵ݁ଶቁ ൌ ݂ሺݍሻ െ ݌ௗ        
respectively, to evaluate the performance of controller (19). 
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Fig. 1. Kinematic scheme of the mobile manipulator and the positioning task to be accomplished. 
The initial configuration and velocity of the mobile manipulator equal  ݍሺͲሻ ൌ ሺͲͲߨͲͲͲͲሻ் , ݍሶ ሺͲሻ ൌ
ሺͲͲͲͲͲͲͲሻ், respectively and desired location ݌ௗ is equal to ݌ௗ ൌ ሺ͸ǡ ͺሻ். The mobile manipulator was used to solve 
the position regulation problem by the assumption that there are two obstacles (circles), schematically presented in Fig. 1, 
in the work space. The boundaries of obstacles take the form ሺݔଵ െ ͵Ǥͷሻଶ ൅ ሺݔଶ െ ͵Ǥͷሻଶ െ ͲǤͶͷଶ ൌ Ͳ  and 
ሺݔଵ െ ͲǤͷሻଶ ൅ ሺݔଶ െ ͷǤͷሻଶ െ ʹǤͲͷଶ ൌ Ͳ. In order to accomplish both the holonomic singularity free and collision 
avoidance task, controller (19) was applied in this experiment. The length of nonholonomic platform equals ʹܮ ൌ ͳǤͺ. 
For simplicity of simulation, we do not take into account platform wheels in the collision avoidance. Hence, the total 
number of active collision avoidance constraints ܰԢ, which are assumed herein to be distance functions, fulfils 
inequality ܰԢ ൑ ʹ (ܿ௠௝ , ܿ௘௝ stand for the distances between the mobile manipulator, the end-effector, respectively, 
and the ݆-th obstacle, ݆ ൌ ͳǤʹ). In order to calculate numerically the values of functions ܿ௠௝ , ܿ௘௝ each link of the holonomic 
part was discretized into ͵ points. The same discretization was carried out for each side of the nonholonomic platform. 
The end-effector was represented by one point. Following the ideas presented in [21], we introduced for the platform 
point ݔ௣  (see Fig. 1), the additional penalty function ܷԢ൫ݔ௣൯ ൌ σ ௝ܿᇱܧ൫ܿ௠௝ ൯ேᇲ௝ୀଵ , where ௝ܿᇱ  is a positive, constant 
coefficient (strength of penalty). The role of the penalty terms ܷ௠ and ܷԢ is to ensure the escape of the mobile 
manipulator from the interaction (safety) zones of the circle obstacles. On account of the fact that inequality (41) 
from the last section provides for ܿԢԢ conservative estimation which would result in an impetuous movement in the safety 
zones, coefficients ܿԢԢ, ܿ௠ǡ௝, ܿ௘ǡ௝ and ௝ܿᇱ were chosen experimentally. Consequently, the settings include ܿԢԢ ൌ ͹Ǥʹ ή ͳͲିଶ, 
ܿ௠ǡଵ ൌ ͺ, ܿ௠ǡଶ ൌ ͹, ܿ௘ǡଵ ൌ ͲǤͲͳͷ, ܿ௘ǡଶ ൌ ͲǤͲ͸, ܿଵᇱ ൌ ܿଶᇱ ൌ ͺͲ. The threshold values ߩଵᇱᇱ and ߩଶᇱᇱ taken for computations 
are equal to ߩଵᇱᇱ ൌ ͲǤͺ and ߩଶᇱᇱ ൌ ͲǤ͹. The chosen values of ܿ௠ǡ௝ , ܿ௘ǡ௝  and ௝ܿᇱ  result in deep penetration of safety 
zones but provide mild mobile manipulator movement which is a desirable property. The results of computer 
simulations for controller (19) are presented in Figures 2-7.  
 
Fig.2. Task errors ݁ଵ, ݁ଶ for controller (19) in work space with obstacles. 
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Fig.3. Norm ԡݏԡ of the mobile manipulator velocities for controller (19) in work space with obstacles. 
 
 
Fig.4. Holonomic manipulability measure ܦ for controller (19) in task space with obstacles. 
 
Fig.5. Distance ݀௠௕௠ିଵ between the mobile manipulator and centre of the 1-st obstacle for controller (19). 
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Fig.6. Distance ݀௠௕௠ିଶ between the mobile manipulator and centre of the 2-nd obstacle for controller (19). 
 
 
 
Fig.7. Control vector ݒ corresponding to controller (19) in work space with obstacles. 
As is seen from Fig. 2, this controller stably and in the finite time horizon  ܶ ൌ Ͷͷ attains desired end-effector 
location ݌ௗ. Figure 3 presents the Euclidean norm of the mobile manipulator velocities which also stably attains zero 
at ܶ ൌ Ͷͷ. From  Fig. 4, it follows that the controller (19) provides holonomic singularity-free configuration 
for ܿᇱ ൌ ͷͲͲ  and ߩᇱ ൌ ͲǤͳ͸ . Moreover, Figures 5-6 present distances ݀௠௕௠ି௜ , ݅ ൌ ͳ ׷ ʹ  between the mobile 
manipulator and the centres of obstacles ͳ and ʹ, respectively. As can be seen from Figs 5-6, the manipulator 
singularity- and collision-freely penetrates the safety zone of the ͳ-st obstacle for ݐ belonging approximately to interval 
[8, 15] and the safety zone of the second obstacle is singularity- and collision-freely penetrated for ݐ א [6, 17], 
respectively. Figure 7 presents mobile manipulator controls computed based on (3). As is seen from  Fig. 7, vector ݒ 
as being the mapping of ݑ௚௘௦ǡ௖ does not violate control limits (5) in the whole time horizon of the movement. 
Conclusion 
In this paper, the mobile manipulator positioning task subject to control and state equality and inequality 
constraints, has been discussed. Using the Lyapunov stability theory, a class of nonlinear controllers both generating 
the mobile manipulator trajectory fulfilling the control and state constraints and eliminating the undesirable end-
effector vibrations, has been derived. The control scheme proposed in this paper generates continuous controls (even 
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near boundaries of obstacles) which is a desirable property in an on-line control. Moreover, the approach presented 
forces the mobile manipulator trajectory to escape from both holonomic singular configurations and obstacle 
neighbourhoods which makes our control algorithm practically useful. Furthermore, the generation scheme 
proposed provides the user with the capability to vary the level of information needed by controller (19) depending 
on the form of functions ܿ௠௝ , ܿ௘௝. That is, the approach presented is equally applicable to analytical descriptions 
of obstacles in the work space or distances (provided by the robot sensors) between the mobile manipulator and obstacles. 
Numerical simulations carried out on an exemplary mobile manipulator consisting of a differentially steered 
wheeled mobile robot and a holonomic manipulator of two revolute kinematic pairs have confirmed theoretical 
results obtained in Section 3. The advantage of using the method proposed is the possibility to implement it in an on-line 
control with singularity and collision avoidance provided that the parameters of dynamic equations are given with 
sufficient accuracy. Alternatively, our control strategies provide reference trajectories in real time which may serve 
as inputs to adaptive control algorithms. Our future research will focus on application of controller (19) to singularity 
and collision avoidance tasks with moving obstacles. 
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